A polarimetric heterodyning fiber grating laser is proposed to sense a magnetic field. When a magnetic field is parallel to the fiber grating laser, a circular birefringence is induced into the laser cavity. An elliptical birefringence results due to the circular birefringence and the intrinsic linear birefringence of the laser cavity. The elliptical birefringence is translated to the beat note frequency between the two orthogonally polarized laser outputs after photodetection. Confirmed by experiment results, it shows that the beat note frequency shift is proportional to the square of the magnetic field magnitude. Because the fiber laser is as short as less than 2 cm, a miniature magnetic field sensor is then demonstrated in principle.
Magnetic field sensors have a wide range of applications in areas, such as navigation, electric current sensing, and spatial and geophysical research. Although electronic techniques, such as Hall-effect sensors and anisotropic magnetoresistive sensors, have been widely used to implement magnetic field sensors [1] , all-fiber optical magnetic field sensors are still highly desired because of their immunity to electromagnetic interference, low weight, small size, and low loss for long-distance operation.
All-fiber magnetic field sensors can be realized by transforming the magnetic field to a change in characteristic of light propagating. For example, magnetostrictive jackets can be deposited on a fiber or an FBG. The strain induced by the jackets in a magnetic field leads to optical phase change or fiber grating shift, which can then be demodulated by an interrogating device [2, 3] . Frequency shift due to the stress induced by a magnetic field on a fiber grating laser cavity is also an effective method [4] . However, such indirect measurements may be unreliable under harsh environments, as the transformation could be ineffective.
Faraday rotation is widely explored in the implementation of all-fiber magnetic field sensors and favorable in the sense of direct measurement. A typical implementation is to detect the rotation angle of the polarization plane of a linear polarized light after propagating along the direction of a magnetic field [5, 6] . However, it normally needs a fairly long fiber to increase the polarization rotation angle because the Verdet constant of silica fiber is very small [7] . Therefore, the state of polarization is then easily affected by linear birefringence induced by bending, stress, vibration, and temperature changes, resulting in unstable measurement and errors.
Polarimetric heterodyning fiber grating laser sensors have been actively explored because of their high sensitivity and much easier and simpler signal extraction by electronic signal processing [8] . Some polarimetric fiberoptic magnetic field sensors have also been demonstrated [9, 10] . However, long laser cavities are needed in the proposed schemes, which make these schemes lack multiplicity and not applicable to point measurements.
Polarimetric heterodyning fiber grating lasers with short cavities can achieve stable single-longitudinal mode output to produce beat notes with good signal quality for sensing [8] . Moreover, they are very small, making them ready for multiplicity and well applicable to point measurements. Many sensors of this type have been proposed and basically all of them are based on the beat note frequency change due to the linear birefringence change induced by the measurands [8] . For magnetic field measurement, a circular birefringence is introduced into the laser cavity through the Faraday rotation effect. Because this circular birefringence is nonreciprocal, the overall birefringence seen by the lasing light wave is changed according to the magnetic field. A miniature magnetic field sensor can hence be implemented using a polarimetric heterodyning fiber grating laser with a short cavity.
The schematic diagram of the proposed magnetic field sensor based on a fiber grating laser is shown in Fig. 1 . A fiber grating laser with short cavity is used to sense an axial magnetic field that is generated between two solenoids. The laser is pumped at 980 nm and lases at 1550 nm. The birefringence inside the laser cavity results in two orthogonally polarized lasing outputs of the same longitudinal mode. A polarizer following a PC is employed to make the two outputs beat with each other.
When the laser output is photodetected, a beat signal is generated by the two orthogonally polarized laser outputs with the beat frequency given by 
where c is the light speed in vacuum, λ 0 is the laser wavelength, and n 0 and B are the average index and the birefringence of the optical fiber, respectively. The beat frequency is proportional to the fiber birefringence. Therefore, any perturbation resulting in the birefringence change can be detected by discriminating the beat frequency shift through simple electronic signal processing.
Normally an intrinsic linear birefringence β (rad∕m) is presented in a fiber laser cavity, which results in two eigenpolarization modes of linear polarization. When an axial magnetic field is applied to the fiber laser cavity, a uniform circular birefringence α (rad∕m) is induced into the cavity through the Faraday rotation effect. The resultant birefringence of the combination of the linear and the circular birefringence is an elliptical birefringence Ω (rad∕m) with its magnitude given by [11]
When the circular birefringence α is much smaller than the linear birefringence β, Eq. (2) can be approximated to
With Eq. (1), the beat frequency can then be related to the linear and the circular birefringence as
In materials that are not ferromagnetic, a linear polarized light wave propagating along the magnetic field direction experiences a rotation of the plane of polarization through the Faraday effect, which is understood as a result of a circular birefringence induced by the magnetic field. It is well known that the Faraday rotation angle is proportional to the applied magnetic field as
where H is the magnetic field, V is the Verdet constant, and L is the propagation length of the light wave in the magnetic field. Therefore, the circular birefringence induced by the magnetic field is written as [12] α 2VH:
The beat frequency is then related to the magnetic field by
Therefore, for magnetic-field-induced circular birefringence much smaller than the linear birefringence, the resulting beat frequency of a dual-frequency fiber grating laser will be proportional to the square of the magnitude of the magnetic field. However, when the dominant birefringence is the circular birefringence, which is very likely when the magnetic field is very strong or a fiber with ultralow linear birefringence is used, with an approximation of Eq. (2) similar to that of Eq. (3), the beat frequency will be linearly proportional to the magnitude of the magnetic field as
The experiment setup is shown in Fig. 1 . Electric current was injected into two solenoids, generating a magnetic field parallel to the axis of the two solenoids. The fiber grating laser was placed between the two solenoids with its axis parallel to that of the solenoids. A conventional magnetic field meter was placed near the fiber grating laser to measure the magnitude of the magnetic field applied to the fiber grating laser. The fiber grating laser is a dual-polarization distributed Bragg reflector fiber laser inscribed on an Er-doped fiber (Fibercore M-12) with grating lengths of 7.5 and 5.5 mm, respectively, and a grating spacing of 6 mm. The absorption coefficient is 11.3 dB∕m at 979 nm. The two orthogonally polarized outputs of the fiber grating laser mixed on a photodetector to generate an RF beat note with its frequency equal to the frequency difference between the two laser outputs, which was then monitored by an RF spectrum analyzer.
When the fiber laser was at its free state, the beat note centered at ∼392 MHz. With a magnetic field applied, the beat note frequency shifts to a higher frequency. A continuous monitoring of the beat note frequency was then performed to measure the magnetic-field-induced frequency shift. A magnetic field was applied to the laser cavity at the beginning of the measurement. After a while, the magnetic field was removed and the fiber laser restored to its free state, resulting in an abrupt beat note frequency transition. Figure 2 shows a measurement of the frequency shift for a magnetic field of 4500 G parallel to the fiber laser. A frequency transition of about 520 kHz is clearly identified. Due to some environmental disturbances, such as vibration and air flow, the beat frequency manifested some flicker around a certain value. Therefore, a curve of the moving average over 100 measurements of the beat frequency is also plotted in Fig. 2 to smooth the measurement results. A measurement for a magnetic field of 4500 G perpendicular to the fiber laser was also performed and the result is shown in Fig. 3 . No frequency shift is observed, which then confirms that the frequency shift in Fig. 2 is due to the Faraday effect only and validates the theoretical model. Moreover, it demonstrates that the sensor is capable of spatial discrimination. The beat frequency change along with magnetic field strength variation was then measured. The magnetic field magnitude was first increased from 0 to 4500 G and then decreased to 0 again, both in a step of 500 G. The measured results are shown in Fig. 4 . A calculated curve by Eq. (7) is also plotted in Fig. 4 , which matches the measured data very well and confirms the theoretical analyses. Moreover, the measurement for increasing magnetic strength also matches that for decreasing magnetic strength, exhibiting high repeatability.
Currently, the limitations on the sensitivity mainly come from three aspects. One is the frequency noise of the beat note, which limits the discrimination capability of the frequency shift. This can be improved by using a vibration-isolated package and polarization-maintaining components to implement the sensors. The second one is the very low Verdet constant of the laser cavity. The calculated Verdet constant based on Eq. (7) and the measured data are around 0.68 rad∕T∕m. As a comparison, the Verdet constant of a Tb fiber can be as high as −24.5 1.0 rad∕T∕m [6] . Therefore, active fibers with a high Verdet constant can be further explored for the proposed magnetic field sensors to significantly increase the sensitivity. The large intrinsic linear birefringence inside the laser cavity also undermines the sensitivity according to Eq. (7). However, this intrinsic birefringence can be artificially lowered [13] so that the sensitivity can be enhanced and tuned. Therefore, with these improvements, a sensitivity of better than mT should be possible.
For fiber-optic magnetic field sensors, immunity to disturbances, such as stress and vibrations, is always desired but frequently difficult to realize because the sensing fiber is normally quite long. For fiber grating laser sensors with short cavities, the same problem still exists. However, short cavities mean that the implementation of disturbance-immune packages can be fairly easy. Moreover, multiplicity unique to the short cavity fiber lasers can be exploited for multiparameter measurement by multiplexing several sensors for measurement. With matrix manipulations in mathematics, interference among measurands is automatically solved. Hence, the proposed miniature fiber-optic magnetic field sensor shows great potential and is much more agile in many applications.
In conclusion, a miniature magnetic field sensor based on the circular birefringence induced by the Faraday effect using a polarimetric heterodyning fiber grating laser is proposed in principle. For circular birefringence much smaller than the intrinsic linear birefringence, theoretical analyses show that the beat note frequency of the dualfrequency fiber grating laser changes along with the square of the magnetic field strength, which is verified by the experiment results. An agile fiber-optic magnetic field sensor is then demonstrated with great potential in sensitivity improvements. 
